In the traditional neoclassical ordering for stellarators, mono-energetic transport coefficients are evaluated using the simplified Lorentz form of the pitch-angle collision operator which violates momentum conservation. In this paper, the parallel momentum balance with radial parallel momentum transport and viscosity terms is analysed, in particular with respect to the radial electric field. Next, the impact of momentum conservation in the stellarator lmfp-regime is estimated for the radial transport and the parallel electric conductivity. Two different momentum correction techniques are described based on mono-energetic transport coefficients calulated by the DKES code [W.I. van Rij and S.P. Hirshman, Phys. Fluids B 1, 563 (1989)]. The benchmarking of the parallel electric conductivity and of the bootstrap current is presented for a tokamak as well as for two W7-X stellarator configurations [G. Grieger et al., Phys. Fluids B 4, 2081 (1992 ]. Finally, the impact of the momentum correction on the expected total bootstrap current is briefly analysed for two W7-X scenarios.
In the traditional neoclassical ordering for stellarators, mono-energetic transport coefficients are evaluated using the simplified Lorentz form of the pitch-angle collision operator which violates momentum conservation. In this paper, the parallel momentum balance with radial parallel momentum transport and viscosity terms is analysed, in particular with respect to the radial electric field. Next, the impact of momentum conservation in the stellarator lmfp-regime is estimated for the radial transport and the parallel electric conductivity. Two different momentum correction techniques are described based on mono-energetic transport coefficients calulated by the DKES code [W.I. van Rij and S.P. Hirshman, Phys. Fluids B 1, 563 (1989) ]. The benchmarking of the parallel electric conductivity and of the bootstrap current is presented for a tokamak as well as for two W7-X stellarator configurations [G. Grieger et al., Phys. Fluids B 4, 2081 (1992)]. Finally, the impact of the momentum correction on the expected total bootstrap current is briefly analysed for two W7-X scenarios.
I. INTRODUCTION
For stellarators, the computations of even mono-energetic neoclassical transport coefficients are rather time consuming in the lmfp-regime. Several numerical tools are available: DKES [1, 2] , which is based on the Fourier-Legendre expansion of the linearised drift-kinetic equation, and quite different Monte Carlo techniques; see Refs. [3] [4] [5] [6] [7] . All these codes have been extensively benchmarked within the International Collaboration on Neoclassical Transport in Stellarators for all stellarator configurations of interest; see Ref. [8] . The treatment of the linearised collision operator with momentum conservation, however, would require the solution of the drift kinetic equation in 4D-phase space instead of the 3D mono-energetic solution. Consequently, momentum correction techniques based on the mono-energetic transport coefficients become very attractive. Both techniques described in this paper are based on databases of the three mono-energetic transport coefficients, determined with respect to radius, collisionality and radial electric field for each magnetic configuration precalculated by the DKES code.
The moment equation approach is a traditional technique for calculating the neoclassical transport in tokamaks [9, 10] . From the drift kinetic equation, the parallel particle and heat viscosities are estimated depending on the plasma flows which are defined by the parallel momentum and heat balances. By the flux-friction relations, the radial particle and heat fluxes are related to the thermodynamic forces, i.e. the gradients. Since the parallel viscosities are a symmetric moment of the distribution function with respect to ¡ £ ¢ , a simplified collision term can be used for the estimation of these quantities without affecting the momentum conservation, which is important for the parallel flows. The viscosity coefficients have been estimated analytically for the different transport regimes in tokamaks. The moment equation approach has also been applied to stellarators [11] . For general stellarator configurations, however, the parallel flows have been estimated only in limiting cases, for example in the collisionless limit where the bootstrap current density is independent of the radial electric field.
Taguchi [12] extended the moment equation approach to a momentum correction technique for general stellarator configurations; for a nearly equivalent technique see Refs. [13, 14] . Both methods use the mono-energetic transport coefficients calculated from the drift kinetic equation with a simple pitch-angle collision term without momentum conservation instead of viscosity coefficients for the different collisionality regimes. Furthermore, the radial electric field is included in both approaches with the approximation of an incompressible -drift velocity and 8 3
the radial derivative of the Maxwellian with total energy conserved), and with a parallel driving force,
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; see e.g. Ref. [1] . Splitting this DKE with respect to the driving forces leads to two 1st-order distribution functions, . The Vlasov operator couples symmetric and asymmetric terms; consequently, F (G ) has also asymmetric (symmetric) contributions.
In order to solve the 1st-order DKE, the derivatives of 
@
, are assumed to be negligible with respect to the corresponding derivatives of the Maxwellian. In addition, the collision operator is simplified by the Lorentz form of the pitch-angle collision term which violates like-particle momentum conservation. This approach allows for an independent solution for each particle species,
R
. Here, the species index R is dropped only for the mono-energetic treatment presented in this Section. Finally, the component of the
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-drift within the flux surface is omitted, and the incompressible approximation, 
with the normalised velocity, t v « is the Legendre polynomial of degree 2. The 1st term in this parallel momentum balance describes the radial transport of parallel momentum which, in general, is ignored in the traditional neoclassical theory (see e.g. the review [22] ). In an axisymmetric configuration (with circular or elliptical cross section) with Î The parallel momentum transport coefficients in mono-energetic form, ¶ q Ã À Á Å AE ·
, are estimated with a new extended version of DKES. In Fig. 1 , the mono-energetic 
, must be balanced by both viscosities. The inhomogeneous part of
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corresponding to the collisional limit where both viscosities vanish, is eliminated in the representation of Figs. 2 and 3 (on the right). The mono-energetic parallel conductivity
is used to define the effective circulating (passing) particle fraction,
; see Section IV. In the collisionless limit,
is the (standard) trapped particle fraction defined below in eq. (12) whereas
in the collisional limit, r w
. Both limits are independent of the particle species. Again, the situation is rather similar for the W7-X configuration for 
for the collisionless limit). In 3D stellarator configurations, trapped particles effects cannot be suppressed and dominate the parallel viscous damping of the flows within the flux surface (see also Sec. III).
These results lead to a strong restriction for the radial electric field: only for
, does the radial transport of parallel momentum remain negligible. This restriction is stronger than the one related to the validity of the incompressible ® F° a pproximation; see [19] . Furthermore, the perpendicular viscosity (related to the ® ±° fl ow) can be ignored for
. For these conditions, there is no principal difference between tokamaks and stellarators (in a co-ordinate system at rest): trapped particle effects dominate the viscous damping of the parallel flows.
B. Radial transport
Here, the impact of momentum correction on the radial transport is analysed. For a tokamak, the radial transport and the friction are connected due to the relation (which is absent in non-symmetric stellarator configurations [23] 
Using this tokamak relation and multiplying the DKE (2) by
leads to a slightly different form of the momentum balance of eqs. (6), the radial momentum transport term as well as the perpendicular viscosity term are omitted here.
Neglecting finite aspect ratio effects (¸u « q ), a relation between the parallel viscosity and the radial flux is obtained by comparison with eqs. (6),
Taking also the Onsager symmetry into consideration, all transport coefficients, i.e. the radial transport, the bootstrap current and the parallel conductivity coefficients, are linked together via the flux-friction relations; see e.g. [10] . These relations hold also for a momentum conserving collision operator; see e.g. [24] . Consequently, the impact of momentum conservation on the parallel flows (bootstrap and conductivity) affects also the radial fluxes in tokamaks.
In the stellarator lmfp-regimes, the situation is completly different. Here, the ripple-trapped particles dominate the radial transport, and their distribution function is nearly symmetric allowing for a bounce-averaged formulation of the DKE for calculating the radial transport; see e.g. [25, 26] . In the lmfp-regime, the parallel viscosity evaluated for
(see eqs. (6)) and only weakly dependent on Ü Q Ý . Although this term is also determined by the symmetric component of
, the large [25], but does not contribute to the parallel viscosity. This can be shown [11] by formulating the flux-surface averaging as bounce-averaging for the ripple-trapped particles, and the slow contribution vanishes due to the
). Consequently, the impact of momentum conservation on the radial transport in the stellarator lmfp-regime is negligible. At high collisionalities, however, the impact of the ripple-trapped particles on the radial transport becomes negligible, and momentum correction techniques can also affect the radial transport as in tokamaks.
Following Ref. [11] , the poloidal component of the momentum balance couples the radial particle transport to the poloidal viscosity,
(or equivalently for the toroidal components), where ò is the stress tensor. In this fluid approach, the radial current of each particle species requires a perpendicular (Lorentz) force within the flux-surface which is attributed to the poloidal (toroidal) viscosity for the stellarator lmfp-regime. With the ambipolarity condition on the radial particle fluxes which requires that the radial current must vanish, also this non-parallel viscosity contribution in the total poloidal (toroidal) momentum balance vanishes. As a consequence, the stellarator lmfp-transport regimes (e.g. the 
III. MOMENTUM BALANCE IN THE COLLISIONLESS ASYMPTOTIC LIMIT
The 2nd term in the parallel momentum balances eqs. (6) is the parallel viscosity describing the damping of parallel flows due to the magnetic field inhomogenity. Here, the 2nd Legendre coefficient of the distribution function appears in an equation for the 1st Legendre coefficient for describing the parallel flows. This general formulation has the drawback that this form of the momentum balances cannot be directly extended for collision operators with momentum conservation. In the asymptotic collisionless limit, however, the 1st-order DKE for ô Ø (with the parallel driving force) is directly integrable for sufficiently small
. This approach is important for the reformulation of the parallel viscosity as the friction of passing with trapped particles and, consequently, will be briefly described here following Refs. [16, 17] . The particle species index . Consequently, the collisionless approach described here holds only for
; compare also Fig. 3 (on the right). Taguchi's momentum conserving collision operator [16, 17] is defined by 
The last term in eq. (8) for momentum conservation. In ø , the simplified DKE with modified r.h.s. corresponding to eq. (2), now with momentum conservation, takes the form
where D is the co-ordinate along the field line,
is the thermal collision frequency, and
is the normalised velocity of species
, the integrability constaint
is the definition of the collisionless Spitzer function. With flux-surface averaging, eq. (9) reduces to a 1D equation for the velocity dependence of the asymmetric part of h F in the collisionless limit
and
and with the trapped particle fraction
(where s g t is the circulating particle fraction). Eq. (11) , the collisionless Spitzer function is obtained from a variational principle introduced in Ref. [28] .
In this collisionless picture, only passing particles contribute to the parallel flow which is damped by the friction of the passing with the trapped particles. Whereas the formulation of the viscous damping term in eqs. (6) is based on the symmetric part of the distribution functions (i.e. the pressure anisotropy), eqs. (10) and (11) are only based on the 1st Legendre term, i.e. the coupling of the different Legendre harmonics by the Vlasov operator has disappeared. Consequently, this approach is well suited for momentum correction at very low collisionalities.
IV. "DIRECT" MOMENTUM CORRECTION TECHNIQUE
With the 1st-order distribution functions
, which are the solutions of the simplified DKE (2), the momentum corrected solutions of eq. (1) are defined by the DKE with the linearised momentum-conserving collision operator, 
where the thermodynamic forces F are given in eq. (3), and is the local and mono-energetic Vlasov operator of eq. (4). Using eqs. (1) and (2), the corrections for momentum conservation,
, are given by
where is given by eq. (5). Then, the momentum correction d F q is directly related to the "error" in the momentum conservation with respect to , performing the pitch integration and the flux-surface averaging leads to
with the (normalised) mono-energetic fluxes
. Neglecting both the radial momentum transport and the perpendicular viscosity term (related to ¡ ¢ £ C ¤ ), the averaged Vlasov term can be expressed by the parallel viscosity related to
equivalent to eq. (6) . In this formulation, however, the Vlasov operator couples to the 2nd Legendre coefficients of
whereas the linearised collision operator is only based on the 1st ones. Comparing eq. (14) with the equivalent collisionless problem of eq. (11), the function©¦ § A ª ¬ « 4
is defined bÿ
and equivalently7¦
by the mono-energetic fluxes,¡¦
. Furthermore, the parallel viscosity is strictly identified in the limit
, but can be generalised by introducing the effective trapped particle fraction,
is defined using the mono-energetic conductivity coefficient,
with the mono-energetic "collisionality",
(Ó is the major radius). This definition guarantees the limits
given in eq. (12) . With eqs. (15) and (16), the momentum correctionÛ¦ § ª a « is defined by the 1D integro-differential equation
, the final form (equivalent to a generalised Spitzer problem) for both the bootstrap current and the parallel conductivity component ofá¦ is obtainedÜ
for each particle species Next, the concept of the effective trapped particle fraction is analysed. For both the collisionless and the collisional limit, eqs. (17) and (18) give the correct momentum correction for the parallel flows with the magnetic field inhomogeneity taken into account. In the mono-energetic treatment,
reflects the contribution of the trapped particles to the parallel flow: the asymmetry of the trapped-particle distribution function with respect to ¶ depending on the ratio of the collision to the bounce frequency must be calculated from the solution of the corresponding DKE. This can be done analytically for both limits, and is obtained e.g. from DKES for the general case. For the momentum correction, the local details of the distribution function are not relevant, the important global effect is given by Á Â Ä Ã Å related to the parallel conductivity coefficient
corresponding to eq. (17) . Fig. 4 shows
versus the (mono-energetic) collisionality for the W7-X "standard" configuration and for the equivalent axisymmetric configuration with only the poloidal Fourier modes,
, taken into account. First, the ripple-trapped particles in W7-X significantly contribute to
. The fairly strong elongation of W7-X leads to a rather small
for the equivalent tokamak. Second, the ratio of the bounce to the collision frequency is very different for both configurations: the bounce frequency of the trapped particles in the stellarator ripple is much higher than in the corresponding tokamak case. Consequently, trapped-particle effects extend to much higher collisionalities in stellarators. Finally, the confidence intervals are given in Fig. 4 showing the lmfp-convergence problem of DKES for stellarator configurations: e.g. 1457 Fourier modes and 250 Legendre polynomials have been used at the lowest collisionality. These problems do not appear at the equivalent collisionalities for tokamak configurations.
Solving the coupled system (for electrons and ions) of eq. (18), the electron-ion cross-coupling terms in the linearised collision operator, , current densities are defined by The impact of the momentum correction on the individual bootstrap current density contributions of electrons and ions is rather strong. In particular at higher collisionalities, where the damping of the parallel ion flow, ¡ , by the trapped-particle friction becomes small (i.e. small " ! $ # % ), the momentum corrected ion bootstrap current density & ' ( (corresponding to ) 0 1 2 3 4 5 6 ) can exceed its non-corrected value by more than one order of magnitude. Since the electron flow is strongly coupled to that of the ions (due to the 7 ' 8 9 integral contribution; see Appendix A), the total bootstrap current density is much less affected by momentum conservation. Furthermore, temperature gradients are much more effective for driving the parallel flow than density gradients or radial electric fields. For tokamaks, where the mono-energetic bootstrap coefficients are independent of the radial electric field, the total bootstrap current density is also independent of @ B A , but @ " A controls the parallel ion flow and, consequently, & 6 ( . The parallel electric conductivity is nearly completely determined by electrons. Consequently, the momentum correction technique can be simplified by assuming the ions at rest, and the momentum correction is only applied for electrons. Then, the ion contribution to the 1st Legendre coefficients of the Rosenbluth potential vanishes, 7 C 8 9 E D G F ; see Appendix A.
V. MOMENTUM CORRECTION APPROACH WITH MOMENT EQUATIONS
The moment-equation methods of Refs. [12] [13] [14] do not separate the linearised DKE with respect to the thermodynamic forces; see eqs. (1-4) . Implicitely the parallel flux moments can be separated by switching on or off the corresponding thermodynamic forces. Following this approach in this section, the 1st order distribution function H P I Q D R P I S U T ' I is defined. Furthermore, it is necessary to separate the impact of the particle species:
V is the species under consideration in interaction (summation) with the background species W . Here, this interaction appears explicitly in the moment equations (summation over W ) whereas it is hidden in Sections 
for an arbitrary function Ú t is obtained which is a magnetic differential equation with the solution
Following the approach of Refs. [12, 14] , the Ö eq. (2) is multiplied by x l " · where x â u x y ² w Ö ' x of eq. (1) is the solution of the combined eq. (13), and integrated over the velocity space. Then, the adjoint properties of the Vlasov and the collision operators are used. The Sonine expansion coefficients of a function Ú t are defined by 
where
is the maximum order of the Sonine expansion (!
9 E F
for the results shown in Secs. VI and VII), and
. The order of this system of linear equations, i.e. 7 ! W 9 2 X Y # à the number of particle species, is fairly low and can be easily solved in the energy convolution algorithm of the mono-energetic fluxes. In eq. (23), the r.h.s. represents the Sonine coefficients of the parallel flows without momentum correction, and the l.h.s. the impact of the (collisionality dependent) effective trapped particle fraction (implicitly given by the (23) . On the other hand, the parallel flow moments affect the radial particle and energy transport as can be shown when the
All the correction terms in eq. (25) regimes. Consequently, momentum corrections are negligible at low collisionalities for stellarators; see also Sec. II B. At higher collisionalities, i.e. in the plateau and the Pfirsch-Schlüter regime, however, momentum correction affects the radial transport both in stellarators and tokamaks. The special case of the intrinsic ambipolarity of the radial particle fluxes in axisymmetric tokamaks is given in the Appendix B.
VI. BENCHMARKING OF THE MOMENTUM CORRECTION TECHNIQUES
Momentum correction techniques for stellarators must also be validated for tokamaks where several approaches exist. Fig. 5 shows the benchmarking of the parallel electric conductivity for a tokamak configuration (with circular cross section) at a moderate aspect ratio,
. Results of two tokamak approaches are shown: the Hinton-Hazeltine model [22] , which assumes a very small
Í ¦ Î
, and a fit representation to numerical Fokker-Planck calculations, abbreviated as SAL model [29] (with the Ø a Î representation of [30] ). In addition, the collisionless limit based on the solution of eq. (11) is given. For the momentum correction based on moment equations (Sec. V), the small ion contribution is added to the parallel conductivity. At larger ÍÎ , the Hinton-Hazeltine model deviates significantly, in particular at low collisionalities, whereas the agreement of the other approaches is good. The equivalent parallel electric conductivities are shown in Fig. 6 for the W7-X "low-" and "high-mirror" configurations at half the plasma radius (Í ¦ Î p ë ì Õ V ÖÕ 5 × ); the agreement of both momentum correction techniques is also good. The W7-X configurations are characterised by rather high elongation: 6.8 for the "low-" and 5.1 for the "high-mirror" case. Consequently, the helical as well as the toroidal ripple mainly determine the trapped particle fraction (Ø
for the "low-" and the "high-mirror" case, respectively) as is also shown in Fig. 4 for the W7-X "standard" configuration. Note, that the reduction in the neoclassical conductivity starts at higher collisionalities compared to the tokamak case in Fig. 5 . Consequently, "simple" tokamak formulas for the parallel electric conductivity are not sufficient for stellarator configurations even if the correct Ø Î is used. Next, the bootstrap current densities are benchmarked for the tokamak case with
. The bootstrap current densities are normalised to the collisionless limit without momentum correction for a circular tokamak defined by
. Fig. 7 shows the benchmarking for the tokamak case (equivalent to Fig. 5 ). In addition to the Hinton-Hazeltine model [22] and the SAL model [29] , the collisionless Hirshman approach [31] is shown. Both momentum correction techniques of Sec. IV and V are in very reasonable agreement with these tokamak approaches. For this collisionality scan,
are used. In the momentum correction techniques based on the moment equations, all contributions related to the radial electric field drop out for the tokamak case (intrinsic ambipolarity) whereas . In the example of Fig. 7 , the total bootstrap current density is significantly reduced due to the momentum conservation in the collision operator; compare with the case without momentum correction (dotted line). This reduction is only obtained if the temperature gradients dominate whereas even an increase of the bootstrap current density is found with momentum correction in the opposite case for dominating density gradients. For all these scenarios, very reasonable agreement with the tokamak models is found. This holds also for larger lxmaass. maass 00000001 13.08.08 19:00:48
FIG. 8: (colour online)
On the left: Bootstrap current density normalised to the collisionless limit of an equivalent circular tokamak without momentum correction vs. the (thermal) collisionality for the W7-X "low-mirror" (grey/green) and the "high-mirror" (black/red) configurations both at half the plasma radius. Momentum correction of Sec. IV (solid lines) and of Sec. V (dots); the bootstrap current densities without momentum correction (dotted lines) are given for referenece. On the right: the ambipolar radial electric field with momentum correction included (dots) and without (solid lines).
Finally, the benchmarking of both momentum correction techniques is briefly described for the W7-X configurations of Fig. 6. Fig. 8 shows the normalised bootstrap current density (on the left) and the corresponding radial electric field from the ambipolarity condition of the radial fluxes (on the right) both for the "low-" and the "high-mirror" configuration. As in the tokamak case,
momentum correction has nearly no effect on the radial particle fluxes and, consequently, on the radial electric field (see also Sec. II B). At the low collisionalities, an additional "electron-root" is obtained (the unstable root in between is not shown) which, by evaluating the thermodynamic principle described in Refs. [32, 33] , however, is not realised. For these W7-X configurations, the bootstrap current density is positive (tokamak-like) at low collisionalities and becomes negative at higher ones (the bootstrap current densities are always negative in a helically symmetric configuration). With respect to a reference tokamak scenario without momentum correction (as used for the normalisation), 5 is reduced by roughy a factor of 3 for the "low-" and more than 10 for the "high-mirror" configuration. The effect of the momentum correction is of the same order as in the tokamak case, but with respect to the reduced bootstrap current densities of the W7-X configurations (compare with the scenario without momentum correction; dotted lines). Equivalent to the tokamak case, a dominant density gradient increases the momentum corrected . Again, the agreement of both momentum correction techniques is very good. In addition, the neoclassical ordering of Sec. II must be checked for the scenario shown in Fig. 8 . First, the ion parallel flow (i.e. the ion bootstrap current density) is very small compared to the ion thermal velocity. Consequently, the assumption of a Maxwellian at rest is confirmed for the 0th-order distribution function. Second, the normalised radial electric field, here t d e g f c e h 8 i B j
, is sufficiently small (largest k W x y l i ¡ m
for the electron-root at the lowest collisionality) and radial momentum transport can be neglected; see Sec. II A.
VII. BOOTSTRAP CURRENT SIMULATIONS FOR W7-X
Momentum conservation in the collision operator leads to increased or decreased bootstrap current densities for dominating density or temperature gradients, respectively. The effect of momentum correction for the total bootstrap current predicted for the "low-" and the "high-mirror" W7-X configuration (compare Sec. VI) is described in this Section.
In the predictive transport simulations [18] , the ion and electron energy balances with neoclassical heat fluxes are solved self-consistently with the ambipolar radial electric field. (Only at the outermost radii where the neoclassical fluxes are strongly decreased due to the low temperature, simple anomalous contributions are added). This assumption of mainly neoclassical transport leads to an upper limit for the temperatures and, consequently, for the bootstrap currents. The neoclassical particle and heat fluxes are evaluated from precalculated databases of mono-energetic transport coefficients (from DKES [1, 2] ) by energy convolution with and without momentum correction included. The correction technique described in Sec. V requires only the solution of a small system of linear equations and is well suited for predictive transport simulations. Since the treatment of the particle balance must rely on anomalous transport modelling (the main recycling sources are at the outer radii with low neoclassical transport), fixed density profiles are assumed in these simulations. Modules for NBI and ECR heating and current drive are self-consistently coupled to the transport code [34, 35] . n p o solid and n % q dashed lines, respectively) and ambipolar radial electric field (right) for the W7-X "low-" (grey/green) and "high-mirror" (black/red) configurations. l r m, however, the electron contribution dominates the total bootstrap current density (the equivalent electron z { | is very small). For the "low-mirror" scenario at } @ m, the ion and the electron contributions are comparable. Taking ion momentum transport into account will reduce the ion bootstrap current density, but as a consequence of the collisional coupling, the electron bootstrap current density will be increased leading to a partial compensation with respect to the total bootstrap current density. The effect of the momentum correction on the bootstrap current densities is shown in Fig. 10 (on the left). The bootstrap current density profile is fairly broad in the "low-mirror" configuration (total bootstrap current
kA with momentum correction and
kA without) and highly localised within the "electron-root" region for the "high-mirror" case (£
kA without). This behaviour of the bootstrap current is in agreement with Fig. 8 . The bootstrap current coefficients are strongly reduced for the "high-mirror" configuration for small radial electric fields, however this minimisation (one of the W7-X optimisation criteria) is partly lost for the "electron-root" scenario leading to the fairly strong peak in the bootstrap current density profile.
The impact of these bootstrap current density profiles on the rotational transform, , are shown in Fig. 10 (on the right). The current profile contribution to the vacuum-! ª ¦ « is evaluated with the susceptance coefficients [38] of the vacuum configuration. This approximation is reasonable as long as the impact of pressure and current on the shape of the flux surfaces is small. Furthermore, the bootstrap current densities are evaluated for the ª ¦ « of the vacuum configuration. In the lmfp-regime, the bootstrap current coefficients scale roughly with (i.e. tokamak-like) for the fixed Fourier spectrum of . In both W7X scenarios of Fig. 10 , the bootstrap current is too large, i.e. the edge is in conflict with a proper operation of the island divertor [39, 40] . In principle, one might reduce the vacuum by the amount the bootstrap current supplies for stationary conditions, i.e. after several ¬ -times. In particular for the "low-mirror" example, however, the shear g ® is much too low leading to a very large island size or ergodisation. Consequently, EC current drive must be applied to compensate the bootstrap current. For the X2-mode scenarios, the ECCD efficiency is fairly high: the maximum ECCD with 10 MW is 142 kA and 92 kA for the "low-" and the "high-mirror" case, respectively, for optimum launch angles. Whereas the ECCD profile is very close to the¤ profile for the "high-mirror" case allowing for a nearly local compensation with only small deviation from the currentless °ª ¦ « , the central counter-ECCD in the "low-mirror" case reduces significantly °ª ¦ « at the inner radii. In principle, a proper bootstrap current control by ECCD can reduce the time to achieve stationary conditions to several skin-times [18] .
VIII. SUMMARY AND CONCLUSIONS
Two different momentum correction techniques based on the three mono-energetic transport coefficients calculated by the DKES code have been described. Both correction techniques are very attractive and have been implemented in the energy convolution algorithm of the mono-energetic transport coefficients which are obtained by interpolation from precalculated databases for each magnetic configuration under investigation. This approach turns out to be very efficient and can be easily used for predictive transport modelling.
The first of these correction techniques solves a generalised Spitzer problem for the parallel flows, i.e. for the bootstrap current as well as for the parallel electric conductivity. The impact of momentum conservation for the radial transport in the stellarator lmfp-regimes is shown (in Sec. II B) to be negligible and, consequently, has been disregarded. For axisymmetric configurations as well as for the higher collisionaltiy regimes in stellarators, however, corrections to the radial transport are not available using this technique.
The second correction technique is based on a moment equation expansion of the drift-kinetic equation (a traditional method e.g. for tokamaks). In this approach, the symmetric contributions with respect to ± ³ ² , i.e. the radial transport, are linked to the parallel flows and momentum correction affects both contributions which is the main advantage of this approach compared to the first technique. Furthermore, this approach is numerically very fast since only a small system of linear equations (number of particle species times number of Sonine polynomials) has to be solved in the energy convolution algorithm. So far, this technique is implemented only for three Sonine polynomials; further benchmarking is needed, e.g. with the technique described in Refs. [13, 14] .
The benchmarking of both momentum correction techniques showed very good agreement. In particular for tokamaks, where several models are available both for the parallel electric conductivity and for the bootstrap current density, very reasonable agreement for all approaches is obtained. Density gradients increase the corrected bootstrap current density whereas temperature gradients reduce it with respect to the uncorrected value. To take all the profile effects into consideration, the total bootstrap currents with and without momentum correction have been calculated for both the "low-" and "high-mirror" configuration of the W7-X stellarator. The predictive transport simulations (mainly with neoclassical transport modelling) showed a moderate reduction of the total bootstrap current roughly of the order of 20% of the uncorrected value. Consequently, the minimisation of the mono-energetic bootstrap current coefficient, which is an optimisation criterium of W7-X, is supported by an evaluation based on a momentum-conserving collision operator.
The parallel ion flow velocities found in the stellarator simulations are very small so that the assumption of an unshifted Maxwellian for the 0th-order distribution function is validated. The radial electric fields, however, can become fairly large both for electron-root scenarios and in the plasma periphery where maximum pressure gradients occur. For very large ¶µ , the traditional neoclassical ordering is violated for ions and impurities. First, the mono-energetic treatment, which is based on the approximation of an incompressible
drift, is not possible and, furthermore, density and potential variations within the flux surfaces must be included. Second, the radial transport of ion parallel momentum might become important, which is in conflict with the local approach. Consequently, the treatment of very large radial electric fields is far beyond the traditional neoclassical ordering in stellarators, which is mandatory for the concept of precalculated databases with local and mono-energetic transport coefficients as the basis for the momentum correction techniques. The situation is different in tokamaks, where a rigorous treatment is possible [41] .
The "direct" momentum correction technique solving the generalised Spitzer problem is also used for the momentum correction for electron cyclotron current drive, ECCD [35] (but not implemented for the neutral beam current drive, NBCD, so far). Consequently, advanced tools for the simulation of current control scenarios by ECCD for the W7-X stellarator (which has no ohmic transformer) are now available. Since the long-pulse operation of W7-X relies on the island divertor concept, the control of the island configuration at the plasma edge and, consequently, the total plasma current is mandatory. The analysis of W7-X discharge scenarios up to quasi-stationary time scales is the natural next step for further investigations.
, of the species Å , i.e. the Maxwellians are dropped (AE¼
). This procedure allows for higher accuracy in the numerical solution at large velocities.
is the thermal collision frequency, ß ò ¼ is the charge state,
